Abstract. Properties of nucleon and ∆ resonances are derived from a multichannel partial wave analysis. The statistical significance of pion and photo-induced inelastic reactions off protons are studied in a multichannel partial-wave analysis.
Introduction
Existence and properties of most N and ∆ resonances listed in the Review of Particle Properties [1] were derived from partial wave analyses of πN elastic and charge exchange scattering data [2, 3, 4, 5] . Additional information on their decay modes was obtained from inelastic reactions, from πN → N η, ΛK, ΣK and from an isobar model study of πN → N ππ; photoproduction experiments provided information on the photo-coupling. The most recent analysis [5] -based on a larger data set and on very precise data from meson factories -found no evidence for the existence of 16 of the 32 N and ∆ resonances below 2.2 GeV listed in the Baryon Particle Tables. Obviously, the existing data base was not sufficient to extract a reliable spectrum of N and ∆ resonances from pion induced reactions alone.
In the last years, an impressive amount of photo-induced reactions has been studied at ELSA, GRAAL, Jlab, MAMI, and SPring-8, and the situation has changed significantly. Highstatistics data are available not only on differential cross sections but also on many polarization observables. In particular, reactions like γp → pπ 0 , nπ + , pη, pπ 0 π 0 , pπ + π − , pπ 0 η, ΛK + , Σ 0 K + , and Σ + K 0 s have been studied, some of them in great detail.
In this paper, we give a brief account of the results of the Bonn-Gatchina (BnGa) multichannel partial wave analysis. Main results have been reported before [6, 7, 8, 9] . We found two classes of solutions, called BnGa2011-01 and BnGa2011-02, which differ in the number and properties of some positive-parity nucleon resonances at masses above 1.9 GeV. The emphasis of the papers [7, 9] was on a discussion of the alternative solutions, on the new resonances found in the analysis, and on their physics interpretation. In [6] , amplitudes for pion photoproduction off protons were presented, and in [8] , the focus was to explore possible interpretations of a narrow structure in the N η mass distribution. The emphasis here is to provide complete information on resonances, their masses and widths, their helicity amplitudes, and their decay properties. The statistical evidence (in terms of χ 2 ) is given for each resonance and for their decay modes into N γ, N π, N η, ΛK and ΣK. The results are not derived from new fits. Only the error analysis has been improved by storing several acceptable solutions and by calculating (instead of estimating) properties and errors from the distribution of all quantities. Hence the results supersede those of [7, 9] . Tables 1-6 give an updated list of the pion-and photo-induced reactions used in the coupled channel analysis presented here. The data comprise nearly all important reactions including mul- Table 1 . Fit to the real and imaginary part of elastic πN amplitudes and χ 2 contributions for the solution BG2011-02. The elastic scattering data are fitted jointly with a larger number of further data in a coupled channel approach. [15] dσ/dΩ 70 20 1.47 [16] dσ/dΩ 84 30 2.98 [17] dσ/dΩ 300 30 0.90 [18, 19] dσ [7] . The Tables list the reaction, the observables and references to the data, the number of data points, the weight with which the data are used in the fits, and the χ 2 per data point of our final solution BG2011-02. Multibody final states are fitted in an event-based likelihood fit. For these reactions, the log likelihood is given (see Eq. 17). The analysis was constrained by the total cross sections for π − p → nπ + π − and π + p → pπ 0 π 0 from [130] .
Data used in the partial wave analysis
π − p → ηn Observ. N data wi χ 2 i /N dataπ − p → K 0 Λ Observ. N data wi χ 2 i /N dataπ − p → K 0 Σ 0 Observ. N data wi χ 2 i /N data [28] dσdσ/dΩ(π − p → π 0 π 0 n) N data wi − ln L T=373
Partial wave analysis and definitions
The partial wave analysis method used in this analysis is described in detail in [131, 132] . A shorter survey can be found in [7] . In the Tables below we give pole parameters as well as Breit-Wigner parameters. Here, we give the precise definitions used to calculate the quantities given in the Tables.
The transition amplitude for a pion-or photo-produced reaction from the initial state a = πN or γN and with b, e.g. ΛK + , as final state can be defined as
where K is called K matrix and ρ is the phase space. A single resonance is described by a term
with g a , g b being coupling constants. In this case the equation (1) corresponds to the relativistic Breit-Wigner amplitude
where M = M BW is called Breit-Wigner mass. For j g 2 j ρ j (s) replaced by M Γ , we obtain the non-relativistic Breit-Wigner amplitude. The pole position is defined as zero of the amplitude denominator in the complex plane
and the partial width Γ a at s = M 2 (at the BW mass) is defined as
The helicity-dependent amplitude for photoproduction of the final state b can be written as
where A h BW are photo-production couplings e.g. helicity couplings in the helicity basis.
In general, the amplitude contains not only one resonance. In case of several resonances (index α), the K matrix can be written as:
Here the background terms f ab are added: they may be arbitrary functions of s and describe non-resonant transitions from the initial to the final state. The position of the pole (M pole − i 1 2 Γ pole ) can be found by calculation of the zeros of the denominator of a K-matrix amplitude in the complex s-plane [133] 
We define the residues for the transition amplitude by the contour integral of the amplitude around the pole position in the energy ( √ s) plane to
Here M p is the position of the pole (complex number) and g r a are pole couplings. The elastic pole residue is defined as
In the pole position one has a full factorization of the amplitude:
The helicity-dependent amplitude for photoproduction of the final state b is calculated in the framework of P-vector approach:
where:
and A h α is photo-coupling of the K-matrix pole α and F a is a non-resonant transition. In the resonance pole the photo-couplings are defined as:
The helicity amplitudes A 1/2 , A 3/2 (photo-couplings in the helicity basis), the coupling elastic residues, and the residues of the transition amplitudes are complex numbers. They become real and coincide with the conventional helicity amplitudes A 1/2 , A 3/2 , to half the elastic width Γ N π /2, and to the channel coupling
Breit-Wigner amplitude with constant width is used.
The elastic residue, which is proportional to (g
up to a sign. This may lead to ambiguities if the phase is not properly defined: assume the phase of elastic residue would be (180 ± ǫ)
• in two analyses. Due to eq. (14), the phase of the helicity amplitude depends on this definition. Since the phases of the elastic pole residue of most resonances are negative, we define in the case of elastic residues with a negative real part the phase of g r N π clockwise. In this article we also give some quantities which are related to properties of a relativistic Breit-Wigner amplitude. We define the Breit-Wigner amplitude by
where M BW and scaling factor f are calculated to reproduce exactly the pole position of the resonance. For a true BreitWigner amplitude, f = 1, and the definition in eq. (15) coincides with the one in eq. (3). In the case of a very fast growing phase volume, the Breit-Wigner mass and width can shift from the pole position by a large amount. For example, the BreitWigner mass of the Roper resonance is 60-80 MeV higher than the pole position and its Breit-Wigner width exceeds the pole width by about 150 MeV. In the 1600-1700 MeV region, the large phase volume leads to a very large Breit-Wigner widths and an appreciable shift in mass from the pole position (see for example [30] ) if the ρN , ∆π (with large L), and D 15 (1520)π decay modes are taken into account explicitly. The visible width, e.g. in the N π invariant mass spectrum, remains similar to the Breit-Wigner width. Clearly, the large phase volume effects are highly model dependent and possibly, they are artifacts of the formalism. We therefore decided to extract the Breit-Wigner parameters of resonances above the Roper resonance by approximating the phase volumes for the three body channels in eq. (15) as πN phase volume for the respective partial wave. This procedure conserves the branching ratio between three particle and πN channels at the resonance position and at the Breit-Wigner mass. The Breit-Wigner helicity amplitude is defined as:
where A h BW is calculated to reproduce the pion photo-production residues in the pole. In general this quantum is a complex number. However, for majority of resonances its phase deviates only little from 0 or 180 degrees.
Properties of baryon resonances
On the subsequent pages we present properties of nucleon and ∆ resonances determined in this work. We give pole parameters: pole position (eq. 8), the complex helicity amplitudes A 1/2 and A 3/2 (eq. 14), the elastic pole residue (eq. 10) and residues for hadronic transition amplitudes (eq. 9).
The Tables also give properties of a relativistic Breit-Wigner amplitude (eq. 15), its helicity amplitudes (eq. 16), partial decay widths (eq. 5), and branching ratios for the decay into channel a by Γ a /Γ .
A large number of resonances is required to achieve a good description of all data sets. These resonances couple to a variety of different decay modes. The optimum set of parameters is determined in fits to the data of Tables 1-6. The fit minimizes the total log likelihood defined by
where the summation over binned data contributes to the χ 2 while unbinned data contribute to the likelihoods L i . Data with pπ 0 π 0 and pπ 0 η in the final state -except those taken with polarized photons -are fitted event by event in order to take into account all possible correlations between the variables. For convenience of the reader, we quote differences in fit quality as χ 2 difference, with ∆χ 2 = −2∆L tot . For new data, the weight is increased from w i = 1 until a visually acceptable fit is reached. Without weights, low-statistics data e.g. on polarization variables may be reproduced unsatisfactorily without significant deterioration of the total L tot . The likelihood function is normalized to avoid an artificial increase in statistics by the weighting factors.
Due to the incomplete data base with few double polarization observables only, the solution of the partial wave analysis is not unequivocal. Depending on the number of poles in the different partial waves and depending on start values of the fit, different minima of similar χ 2 are reached. However, most parameters are stable, only a few parameters undergo substantial changes. The solutions which have converged to minima of similar depth are stored; from the distribution of the fit results, typically more than ten, the mean value and the error is deduced. As error we assume the half-width of the distribution. In some cases, solutions exist with a distinct minimum forming a new class of results, and leading to a new set of parameters. Often, they cluster into two main solutions, called BG2011-01 and BG2011-02. The most significant difference can be found in the 1/2(3/2 + ) wave where BG2011-02 finds two close-by resonances: N (1900)3/2 + , present in both types of solutions with slightly different parameters, and N (1975)3/2 + , present only in BG2011-02. Here, we give the properties of N (1900)3/2 + only. Sizable differences between the BG2011-01 and BG2011-02 solutions are also observed in the 3/2 − (in particular for N (1700)3/2 − ), 5/2 + and 7/2 + wave. The different solutions are discussed explicitly in [9] . Here, we give errors which cover both solutions. The two solutions give similar properties for N (1880)1/2 + except for its helicity amplitude. Here, we list both solutions in the Tables.
The 1700 MeV region is complicated due to the presence of two important thresholds, N (1520)3/2 − π and ΣK. N (1520)3/2 − π in S-wave gives 3/2 + quantum numbers; in Elastic pole residue 50±20 Phase -(80±40) 
− pole parameters (MeV) + pole parameters (MeV) The N (1880)1/2 + resonance was first suggested when data on γp → Σ + K 0 s from the CBELSA collaboration [128] were included in the BnGa partial wave analysis. N (1975)3/2 + emerges from BNGA2011-02 only; it was first reported in [9] . Early evidence for N (1860)5/2 + has been reported with Breit-Wigner parameters (M BW ; Γ BW ) equal to (1882 ± 10; 95 ± 20) [2, 5] , 1903±87; 490±310) [135] , and (1817.7; 117.6) [5] . Evidence for N (1895)1/2 − has been reported by Höhler et al. [134] giving Breit-Wigner parameters of M BW = 1880 ± 20, Γ BW = 95±30 MeV for a pole in the I(J P ) = 1/2(1/2 − ) wave. Manley et al. [135] found a broad state, M BW = 1928±59, Γ BW = 414 ± 157 MeV. Vrana et al. [136] reported M BW = 1822 ± 43, Γ BW = 246 ± 185 MeV. A third and a forth pole in the I(J P ) = 1/2(1/2 − ) wave was suggested in [137] . The third pole was given with mass and width of M pole = 1733 MeV; Γ pole = 180 MeV, and in [138] with M pole = 1745 ± 80; Γ pole = 220±95 MeV. The latter pole was also seen by Cutkosky 
et al. [4] at M pole = 2150 ± 70, Γ pole = 350 ± 100 MeV and confirmed by Tiator et al. [137] . In the
− ) wave, Cutkosky et al. [4] reported two resonances, the lower mass state at M BW = 1880 ± 100, Γ BW = 180±60 MeV, the higher mass pole at M BW = 2060±60, Γ BW = 300 ± 10 MeV. Saxon et al. [139] and Bell et al. [140] observed a − ) resonance at 1895 MeV [142] which was confirmed by us on a richer data base in [143, 144] , with mass and width of (1875 ± 25; 80 ± 20) MeV, respectively. The highmass N 3/2 − was also seen in [143, 144] with (2166 +25 −50 ; Γ = 300 ± 65) MeV and in [145] with (2100 ± 20; 200 ± 50) MeV.
Significance and rating
In Table 8 we give our rating of the evidence with which baryon resonances are observed. By definition, **** Existence is certain, and properties are at least fairly well explored. *** Existence ranges from very likely to certain, but further confirmation is desirable and/or quantum numbers, branching fractions etc. are not well determined. ** Evidence of existence is only fair. * Evidence of existence is poor. The significance of a resonance and of its decay modes is estimated from three sources: (i) from the increase in χ 2 when a resonance is removed from the fit, both the overall increase in χ 2 , and the increase in χ 2 in specific final states, (ii) from the stability of the fit result when the hypothesis (e.g. number of poles in a given partial wave) is changed, and (iii) from the errors in the definition of masses, widths, residues, photocouplings, etc. As a rule we give 1* when a decay mode is seen with a significance of 2σ, 2* for a significance of 3.5σ, and 3* for a significance of 5σ. As there are ambiguous solutions, we do not assign 4* for decays derived from photoproduction. In some cases, the errors are large, and the significance is high. This happens, if there are two solutions which give different values for an observable, e.g. for its photoproduction amplitude. Without the resonance, the photoproduction data cannot be described; hence we are sure that the resonance is needed. But the actual value may be less certain. The star rating reflects our estimate how safe we are in claiming the existence of the resonance from photoproduction data; the error gives the range of values of resonance properties which might be assigned to a given resonance.
